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C») f Abstract. Let C be a smooth projective curve of genus g > 2 over C. Fix n > 1, 

. d 6 Z. A pair (E, <j>) over C consists of an algebraic vector bundle E of rank n and 

' degree d over C and a section <fi £ H°(E). There is a concept of stability for pairs which 

depends on a real parameter r. Let DJl T (n, d) be the moduli space of r-polystable pairs 
of rank n and degree d over C. We prove that for a generic curve C, the moduli space 
dR T (n,d) satisfies the Hodge Conjecture for n < 4. For obtaining this, we prove first 
that 9Jl T (n, d) is motivated by C. 
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1. Introduction 



Let C be a smooth projective curve of genus g > 2 over the field of complex numbers. 
Fix n > 1 and d EZ, and a line bundle Lo of degree d. We denote by M(n, d) the moduli 
space of polystable vector bundles of rank n and degree d over C, and by M(n, Lo) the 
moduli space of polystable bundles E with determinant det(L) = Lq. 

A pair (E, <p) over C consists of a vector bundle E of rank n and degree d together 
with a section (f> £ H°(E). There is a concept of stability for a pair which depends 
| on the choice of a parameter r E M. This gives a collection of moduli spaces of r- 

polystable pairs 5DT r (n, d) and moduli spaces of pairs with fixed determinant, Wl T (n, Lo), 
which are projective varieties. These moduli spaces have been studied by many authors 
[HI [J5j [191 [201 122] • The range of the parameter r is an open interval / split by a finite 
number of critical values r c . For non-critical r, 9JT r (n, d) is a smooth projective variety. 
The main goal of this paper is to prove the following result. 



Theorem 1.1. Let r S / be non-critical and n < 4. Suppose that C is a generic curve. 
Then the moduli spaces $Jl T (n,d) satisfy the Hodge Conjecture. 

The genericity condition in Theorem 11.11 means that C belongs to the complement of 
a countable union of closed sets of the moduli of curves. More explicitly, the genericity 
condition that we need can be stated as requiring that C k satisfies the Hodge Conjecture 
for any k > 1. 



In order to prove this result, we shall refine the techniques of [21j, where the first 
author studied the mixed Hodge structures associated to these moduli spaces. Here we 
compute the class defined by the moduli spaces in the ring of motives K(Wiot). There is 
a map of abelian groups 

G : K(VJlot) LT(ff)s), 
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where ffjs is the category of filtered Hodge structures, whose kernel contains the compact 
smooth varieties satisfying the Hodge Conjecture. Let TZc C K(Wlot) be the subring 
that contains all iterated symmetric products and self-products of the curve C. We say 
that X is motivated by C if [X] G TZc- For a generic curve, TZc C ker©, and so any 
projective smooth variety motivated by C satisfies the Hodge Conjecture. Here we prove 
that 

Theorem 1.2. Suppose n < 4 and let r be generic. For any curve C , the moduli spaces 
9Jt r (n, d) are motivated by C. 

To find [dJl T (n,d)] G K(Wlot), we study the behaviour of the moduli spaces when 
we change the value of the parameter r. When r moves without crossing a critical 
value, the moduli space remains unchanged. When r crosses a critical value, £DT T (n, d) 
undergoes a birational transformation which is called a flip. This consists on removing 
some subvariety and inserting a different one. A stratification of the flip locus was 
obtained in |21| . and this allows us to give an explicit geometrical description of flip loci 
when n < 4, proving in particular that these strata are in TZc- 

The techniques of the current paper can be extended to deal with higher ranks n = 5,6. 
For arbitrary rank, it is expected that Theorem 11.21 holds (and hence Theorem 11.11 as 
well), but the proof of this probably will require a more indirect route than the one 
undertaken here. Our approach has the value of sticking to geometry for the analysis of 
the moduli spaces of pairs. 

2. Motives and the Hodge Conjecture 

2.1. Grothendieck ring of varieties. Let Varc be the category of quasi-projective 
complex varieties. We denote by if (Varc) the Grothendieck ring of Varc- This is 
the abelian group generated by elements [Z], for Z G Varc, subject to the relation 
[Z] = [Zi] + \Z<i\ whenever Z can be decomposed as a disjoint union Z = Z\ U Z<i of a 
closed and a Zariski open subset. There is a naturally defined product in if (Varc) given 
by [Y] ■ [Z] = [Y x Z}. Note that if ir : Z — s- Y is an algebraic fiber bundle with fiber F, 
which is locally trivial in the Zariski topology, then [Z] = [F] ■ [Y]. 

We denote by L = [A 1 ], where A 1 is the affine line, the Lefschetz object in K(Varc). 
Clearly L fc = [A k ]. We shall consider the localization if (Varc) [L~ 1 ], and its completion 

K(Var c ) = I ^2[Y r ] L- r ; dimi; - r ->■ -oo 

[r>0 

The ring if (Varc) has operations A n ([Y]) = [Sym ra y], extended by linearity, and 
satisfying the relation A n (a + b) = X^+j=n A 4 (a)A- 7 (6). Totaro's lemma (which appears 
in \17\ Lemma 4.4]) says that 

[Sym fe (Y x A 1 )] = [Sym k (Y)} x [A w ]. 

Therefore the A n -operations can be extended to if (Varc). 

Let C be a smooth projective complex curve. We define the subring TZc C if (Varc) 
as the smallest set such that: 

(1) [C] e TZ C j 

(2) if a, b eTZc, then a • b G TZ C \ 

(3) if a £ TZ C , then L fc • a G TZ C for all k G Z; 

(4) TZc is complete: if G TZc, dima^ — > — oo, then Ylik>o a k ^ TZc; 
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(5) if a G He, then X n (a) G TZ C for all n > 0. 
Note that 

[J&cC]£K c . (2.1) 

This holds because there is a Zariski locally trivial fibration P# _1 — y Sym 29_1 C — > Jac C, 
hence [JacC] = A 2 s- 1 ([C])[PS- 1 ]- 1 . 

Finally, let SmVarc denote the category of smooth projective varieties over C. We 
consider the ring K bl (SmVarc) generated by the smooth projective varieties subject to 
the relations [X] — [Y] = \Bly(X)] — [E], where Y C X is a smooth subvariety, Bly(X) is 
the blow-up of X along Y, and E is the exceptional divisor. By [9l Theorem 3.1], there 
is an isomorphism 

K bl {SmVar c ) 9* K{Var c ). 

2.2. Motives. Let us review the definition of Chow motives. A standard reference for 
the basic theory of classical motives, including the material presented here, is |24j . Given 
a smooth projective variety X, let CH d (X) denote the abelian group of Q-cycles on X, 
of codimension d, modulo rational equivalence. If X, Y G SmVarc, suppose that X is 
connected and dim(X) = d. The group of correspondences (of degree 0) from X to Y is 
Corr(X,y) = CH d (X x Y). 

For varieties X, Y, Z G SmVarc, the composition of correspondences 

Corr(X, Y) ® Corr(Y, Z) -> Corr(X, Z) 

is defined as 

g°f = pxz*{p* XY {f) ■ PYzia)), 

where pxz :Ix7xZ->XxZis the projection, and similarly for pxy and pyz- 

Definition 2.1. The category of (effective Chow) motives is the category VJlot such that: 

• its objects are pairs (X,p) where X G SmVarc, and p G Corr(X, X) is an 
idempotent (p = p o p) ; 

• if (X,p), (Y, q) are effective motives, then the morphisms are Hom((X,p), (Y, q)) = 
q o Corr(X, Y) o p. 

There is a natural functor 

h : SmVar c PP -> Mot (2.2) 
such that, for a smooth projective variety X, 

h(X) = (X,A X ), 

where Ax G Corr(X, X) is the graph of the identity idx ■ X — > X. We say that h(X) is 
the motive of X. 

The category VJlot is pseudo-abelian, where direct sums and tensor products are defined 
as follows: 

{X,p)@(Y,q) = (XUY,p + q), 
(X,p)®(Y,q) = (XxY,p XxX (p)-p YxY (q)). 

In particular 

h(XUY) = h(X)®h(Y), 
h(XxY) = h{X)®h{Y). 
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This allows to define K(DJlot) as the abelian group generated by elements [M], for M € 
Mot, subject to the relations [M] = [Mi] + [M 2 ], when M = Ml © M 2 . This is a ring 
with the product [Mi] • [M 2 ] = [Mi ® M 2 ]. 

In Wlot, we have that 1 = h(pt) is the identity of the tensor product, so it is called 
the unit motive. It is easily seen that there is an isomorphism 1 = (IP^P 1 x pt). Set 
L = (P 1 ,pt x P 1 ), which is called the Lefschetz motive (the reason for using the same 
notation as for the Lefschetz object will be clear in a moment). Therefore ^(P 1 ) = lffiL, 
and more generally, 

h(P n ) = l©L©---©L n . 

Denote also by L € K(9Jlot) the class of the Lefschetz motive L € 9Jtot. We formally 
invert L 6 K(Wlot), and then consider the completion of -fT(9Jtot)[L -1 ], namely 

K{Tlot) = < Y^i M r] L_r ! dimM r - r -> -oo 

[r>0 

In [18] it was shown that the motive of the blow-up of a smooth projective variety X 

along a codimension r smooth subvariety Y is fr(Bly(X)) = h{X) © {^@ r i Z\ (h(Y) ® ; 

being thus compatible with the relation defining K bl (SmVarc). So the map h in (|2.2p 
descends to K bl (SmVarc) — >• iiT(QJtot), hence defining a ring homomorphism 

X : i^(Var c ) -> K(9Jtot). (2.3) 
When X is smooth and projective, we have 

X ([X]) = [h(X)l 

so we can think of the map x as the natural extension of the notion of motives to all 
quasi-projective varieties. Notice that xOM = L, which justifies the use of the same 
notation for the Lefschetz object and the Lefschetz motive. 

Let X be a smooth projective variety, and F a finite group acting on X. Then, from 
Proposition 1.2 of [3], we have the equation 

h(X/F) = (x±\2T g ), 

where T g is the graph of g € i 7 . In particular, h{X/F) is an effective sub-motive of h(X), 
that is 

h(X) = h(X/F)®N (2.4) 

for an effective motive iV. 

From [3], there are operations A l (M) in i^(9Kot) such that for X smooth projective, 
we have X l ([h(X)]) = [h(Sym l X)]. These operations satisfy the relation X n (a + b) = 
J2i+j=n Xi ( a ) Xj ( b )- Note that A fc (L r ) = U' k . The map x in O therefore commutes 
with the corresponding A-operations on iC(Varc) and on K(9Jtot). 

Let C be a smooth projective curve. The motive of C decomposes as 

h(C) = l©/i 1 (C)©L. 

It can be seen that 

h(JacC) = ^V(JacC), 

i=0 
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where [tf(JacC)] = ^([/^(C)]), < i < g. Finally, define 

Tic = x(Tlc) C k(Tlot). (2.5) 

Definition 2.2. We say that X € Varc is motivated by C if x([-^1) £ ^-c- 

Henceforth we shall use the notation [X] € ^(SDtoi) for 

2.3. Hodge Conjecture. Let Z be a smooth projective variety. The Hodge structure 
H k {Z) has two natural nitrations by Hodge sub-structures: 

• The level filtration: J rp H k (Z) is the maximal Hodge sub-structure contained 
in FPH k (Z) = ® p ,> Ptpl+ql=k H p '>i'{Z). In particular F k H 2k (Z) = H k > k {Z) n 
H 2k (Z,Q). 

• The coniveau filtration: 

M p H k {Z) = ker ( H HZ) -> " 5)) , 

codim 5>p 

where 5 runs over all Zariski closed subsets of codimension at least p. Note 
that M k H 2k (Z) is generated by the fundamental classes of algebraic cycles of 
codimension k in Z. 

Clearly M p H k (Z) C J- p H k (Z). The (generalized) Hodge Conjecture is the assertion 
M p H k (Z) = J rp H k (Z). The usual Hodge Conjecture on (k, /c)-cycles is satisfied if 
M k H 2k {Z) = H k ' k (Z)nH 2k (Z,Q). 

Let M = (X, p) be an effective motive. Then the cohomology of M is 

H k {M) = im(p* : H k (X) -> H k (X)) , 

for each integer k. This produces a map K(Wlot) — > iT(f)s), M i-> ^2H k {M). 

Let f f)S be the category of filtered Hodge structures. For X smooth projective, the level 
filtration T p H k (X) gives an element J~(X) in ff)s (see [2]). Therefore, for M = (X,p), 
we have an element 

?{M) = J2^*H k (M) e K(ft)s). 

Hence, there is a map 

T : K(Wlot) -> K(fts) . 
Also, the coniveau filtration produces a map 

M : K(Wlot) -> K(ff)s) . 

Let 

9 = T - M : K(Wlot) ->• if(ff)s) . 

An important remark is that for M an effective motive, G(M) is an effective Hodge 
structure. We have the following two important properties: 

• for any smooth projective variety X, &(X) = if and only if the Hodge Conjecture 
holds for X. 

• e(L-x) = K-e(x). 

Unfortunately, the map is not known to be a multiplicative map. However, the im- 
portant feature is that the kernel of O is an abelian subgroup stable by multiplication 
by L and L" 1 , which allows to consider the map on the completions 

6 : K(Wlot) -> K(ffyB) . (2.6) 

Lemma 2.3. If M and N are effective motives, then 

g(m e n) = o e(M) = e(jv) = o . 
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Proof. In the left direction, it is obvious. In the right direction, just note that sends 
effective motives to effective filtered Hodge structures. □ 

For X G Var c , we denote B(X) = @(h(X)). 

The following result is well-known (cf. [1]). For convenience of the reader, we include 
a proof. The genericity of the curve appearing in the proposition means that it belongs 
to the complement of a countable union of some closed sets of the moduli of curves (see 
[U Section 1] or [1, Proposition 6.5]). 

Proposition 2.4. Let C be a generic curve. Then 

• ®{C k ) = 0, for any k>0. 

• e(Sym fe C7) = 0, for any k>0. 

• e(JacC) = 0. 

. e(K c ) = o. 

Proof. Let A = Jac C, which is a polarised abelian variety. The Hodge group of A, 
Hg(j4), is defined as the group of all linear automorphisms of V = H 1 (A, Q) which leave 
invariant all Hodge cycles of the varieties A X ■ ■ ■ X A. Let E denote the polarisation 
of A. Then Hg(^4) = Sp(V, E). This can be proved with the arguments of [8j: the 
Hodge group of Jac C for general C contains the Hodge group of any degeneration of C, 
in particular, degenerating C to a reducible nodal curve consisting of the union of two 
curves of genus a and g — a, we see that Sp(2g) D Hg(^4) D Sp(2a) x Sp(2g — 2a). As 
the general Jacobian has Neron-Severi group equal to Z, the argument in [8] Theorem 5] 
proves that Hg(A) = Sp(2o). 

By [6, Proposition 17.3.4], End Q (A) = End(V) Hg(A) = Q. Now the Lefschetz group of 
A is 

Lf(A) = {g G Sp(V 5 E);gof = fog,yfe End Q (^)} = Sp(V, E) = Hg(4) . 

By [25] or [U Exercise 13], H* Hodge {A k ) is generated by divisors, so the Hodge Conjecture 
holds for A k , for all k > 1. This is written, in our terminology, as @((JacC) fc ) = 0. 

Now /i 1 (C) is a submotive of /i(JacC), so Lemma 12.31 implies that 0(/i 1 (C) fc ) = 0, 
and therefore Q(C k ) = for any k > 1. From this, using (I2.4p and Lemma 12,3} we get 
0(Sym fc C) = 0, for any k > 1. Finally, IZc is generated by varieties obtained by taking 
iterated products and symmetric products of the curve C . Such a manifold is isomorphic 
to a quotient C k /F, where k > 1 and F C &k is a subgroup of the permutation group of 
the factors of C h . Using (\2A\ and Lemma [2731 again, it follows that Q(C k /F) = 0. □ 

3. Moduli spaces of pairs and of triples 

3.1. Moduli spaces of pairs. Let C be a smooth projective curve of genus g > 3 over C. 
We denote by M(n, d) the moduli space of polystable bundles of rank n and degree d over 
C. The open subset consisting of stable bundles will be denoted M s (n,d) C M(n,d). 
Note that M(n, d) is a projective variety, which is in general not smooth if n and d 
are not coprime. On the other hand, M s (n,d) is a smooth quasi-projective variety. If 
Lq is a fixed line bundle of degree d, then we have the moduli spaces M s (n, Lq) and 
M(n, Lq) consisting of stable and polystable bundles E, respectively, with determinant 
det(.E) = L . 

A pair (E, 4>) over C consists of a vector bundle E of rank n and degree d, and 
4> G H°(E). Let t £ M. We say that (E,(f>) is r-stable (see [El Definition 4.7]) if: 

• For any subbundle E' C E, we have n(E') < r. 

• For any subbundle E' C E with <f> G H°(E'), we have fi(E/E') > r. 
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The concept of r-semistability is defined by replacing the strict inequalities by weak 
inequalities. A pair (E,<f>) is r-polystable if E = E' E", where <j) G H°(E'), (E' , <fi') 
is r-stable, and E" is a polystable bundle of slope r. The moduli space of r-polystable 
pairs is denoted by DJl T (n, d). It is a projective variety and contains a smooth open subset 
9Jt*(n, d) C SPt T (n, d) consisting of T-stable pairs. 

If we fix the determinant det(E) = Lq, then we have the moduli spaces of pairs 
with fixed determinant, 9JT*(n,Lo) and Tl T (n, Lq). Pairs are discussed at length in 

13 m Ea na [201 eh [22]. 

The range of the parameter r is an open interval / split by a finite number of critical 
values r c . For a non-critical value t £ I, there are no properly polystable pairs, so 
SPt T (n, d) = 9Jt*(n, d) is smooth and projective. For a critical value r = r c , 9Jl T (n,d) is 
in general singular at properly r-polystable points. 

3.2. Moduli spaces of triples. As it has been done in other articles [T9 | l20" | [21 ] [22]. 
it is convenient to rephrase questions about pairs into a more general object known as 

triple pa Eg. 

A triple T = (Ei,E2,4>) on C consists of two vector bundles E\ and E 2 over C, of 
ranks n\ and n 2 and degrees d\ and ci 2 , respectively, and a homomorphism c/> : E2 — > E\ . 
We shall refer to (ni, n 2 , d%, da) as the type of the triple. For any a € E, the <r-slope of 
T is defined by 

M T ) = : + ° : • 

n\ + n 2 Hi + n 2 

We say that a triple T = (Ei,E2, <p) is <r-stable if /U (r (T' / ) < n a (T) for any proper subtriple 
T" = {E[, E 2 i (j)')- We define u-semistability by replacing the above strict inequality with 
a weak inequality. A triple T is u-polystable if it is the direct sum of cr-stable triples of 
the same <T-slope. We denote by 

N a (ni,n2,di,d 2 ) 

the moduli space of u-polystable triples of type (ni, 77-2, d±, c/2). This moduli space was 
constructed in [12] and [23]. It is a complex projective variety. The open subset of 
cr-stable triples will be denoted by A/^(ni, n 2 , d%, d 2 ). 

Let Li,L<2 be two bundles of degrees di,d 2 respectively. Then the moduli spaces of 
o"-polystable triples T = (E\,E2,4>) with det(-Ei) = L\ and det(i? 2 ) = L 2 will be denoted 

M a (n 1 ,n2,L 1 ,L 2 ) , 

and J\f£(ni,n 2 , L\, L 2 ) is the open subset of cr-stable triples. 

For the case (m, n 2 ) = (n, 1), we recover the notion of a pair. Given a pair (E, <p), we 
interpret cj) € H°(E) as a morphism c/> : O — > E, where O is the trivial line bundle on 
X. So we have an identification (E, 4>) 1— > (E, O, <p) from pairs to triples. The r-stability 
of (E,<p) corresponds to the a-stability of (E,0,(fi), where a = (n + l)r — ci (see [12] )■ 
Therefore we have an isomorphism of moduli spaces 

A/;(n,l,cZ,0) = Tl T (n,d) x JacC, (3.1) 

given by (E, L, <p) i-> ((£" (8) L*,(f>), L). In the case of fixed determinant, we have 

A/;(n,l,L ,e>) ^9JT r (n,L ). 

We shall take the point of view of triples for studying 9Jt T (n, d), because triples are more 
adapted to using homological algebra (extensions, nitrations, etc). Henceforth, we shall 
denote 

Af a = N a (n,l,d,d ). 
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Theorem 3.1. For non-critical values a £ /, M a is smooth and projective, and it consists 
only of a -stable points (i.e. M a = N* ). For critical values a = a c , Ma is projective, and 
the open subset TV* C M a is smooth. In both cases, the dimension of J\f a is (n 2 — n + 
l){g -l) + l + d-nd . 

3.3. Cricital values and flip loci. Let n{E) = deg(E) / rk(E) denote the slope of a 
bundle E, and let m = fi(Ei) = di/ni, for i = 1,2. Write 

1*1-^2, 

[ oo, if n\ = n 2 , 

and let I be the interval I = (a m , um)- Then a necessary condition for A/^(ni, n 2 , di, d 2 ) 
to be non-empty is that a € I (see [13] ) . To study the dependence of the moduli spaces 
on the parameter a, we need the concept of critical value \12\ 122] . 

Definition 3.2. The values a c £ / for which there exist < < m, < < n 2 , d' x 
and d 2 , with n^n^ ^ nin 2 , such that 

("i + n2)(<fi + 4) - K + "4)( d i + d 2 ) 

O-c = ; j , 

n l ri2 — n\n 2 

are called critical values. We also consider a m and o~m (when o~m ^ oo) as critical values. 

The interval I is split by a finite number of values a c £ /. The stability and semistabil- 
ity criteria for two values of a lying between two consecutive critical values are equivalent; 
thus the corresponding moduli spaces are isomorphic. When a crosses a critical value, 
the moduli space undergoes a transformation which we call a flip. Let a c € I be a critical 
value and set <r+ = a c + e, a" = <r c — e, where e > is small enough so that cr c is the 
only critical value in the interval (<r~ , cr£ ) . We define the flip loci as 

S a + ={T e M s a + ; T is ct c " -unstable} C , 
={TgF_ ; T is cr+-unstable} C . 

It follows that (see |13t Lemma 5.3]) 

M s + \ S a + = A/J = /V s - \ S- . (3.2) 



CM = 



When d/n — d Q > 2g — 2, the moduli space A/^ for the smallest possible values of the 
parameter can be described explicitly. Let <r+ = a m + e, e > small enough. By [22| 
Proposition 4.10], there is a morphism 

vr : jV + = /V" + (n, 1, d 5 d D ) Af (n, d) x Jac C (3.3) 

which sends T = (E, L, (j)) i-> (E, L). Let 

U m =U m (n,l,d,d ) = 7r _1 (M s (n,d) x JacC). (3.4) 

By [22], Proposition 4.10], ir : U m —> M s (n, d) x JacC is a projective fibration whose 
fibers are the projective spaces FH°(E cg> L*). We denote 

V m = V m (n,l,d,d )=M a+ \U m - (3.5) 



MOTIVES AND HODGE CONJECTURE FOR MODULI OF PAIRS 



9 



3.4. The flip locus S + . We start by describing geometrically S +. The following 
description is taken from [21]. Let b > 1 and r > 1. Fix n' > 1 and d! such that 

d! + d + (j c 



n' + 1 

Let (m, di), . . . , (n;,, (if,) satisfy 



M<x c (T) =: Mc- (3.6) 



- = /x c . (3.7) 

Consider > 0, for 1 < i < b and 1 < j < r, such that a.j = (ay, . . . ,a b j) ^ (0, . . . , 0), 
for all j. We assume that 

a^nj + n' = n. (3.8) 

Write n = ((nj), (aji), . . . , (aj r )), which we call the type of the stratum. Consider 

U(n) = {{E u . ..,E b )e M s ( ni , d^ x • • • x M s (n b , d b ) ; E { ¥ Ej, for % + j} . (3.9) 

For each (E 1 , . . . , E b ) G C/(n), set ^ = (£;, 0, 0), 1 < i < b. 

We define X + (n) C 5^+ as the subset formed by those triples T admitting a filtration 

= T C Tt C T 2 C • • • C T r+1 = T 

such that, for some {E\, . . . , E b ) G f/ (n), 

Tj = Tj/Ti-x = S( aj ) := • • • S£« , 

is the maximal <r c -polystable subtriple of T/Tj_i. Note that it must be T r+ \ G (n' , 1, a", d D 
By [2D Lemma 4.8], 

n 

Proposition 3.3 ([2H Proposition 5.1]). Let (E u . . . , E b ,f r+1 ) G .M(n) := t/(n) x 
Af^^n' , 1 , d' , d Q ) . Define triples Tj by downward recursion as follows: T r+ \ = T r+ \ and 
for 1 < j <r define Tj as an extension 

5(aj) fj ->■ f i+ i ->■ . (3.10) 

Let^j G Ext 1 (Tj_ ) _i, S^a,,)) 6e i/ie extension class corresponding to \3. Ity) . Denote T = T\. 
Then T G X + (n) if and only if the following conditions are satisfied: 

(1) The extension class £j G Ext 1 (Tj + i, S(a.j)) = F^ Ext 1 (Tj + i, Si) aij lives in 
Y\ i V(aij, Ext 1 (T J+ i, Si)), with the notation 

V(k, W) = {(wi, . . . , Wk) G W k ; w\, . . . , are linearly independent}, 
for W a vector space. 

(2) Consider the map S(a.j+i) — > Tj + \ and the element Q which is the image of£j un- 

derExt 1 (f j+1 , Sfe)) -> Ext 1 (S(eL j+1 ), S(nj)). Then the class G Ext 1 (S'(a j+ i), 

n i Ext 1 (5 i ,5(a i ))°^+ 1 iiwes m FJi ^Ki+i, Ext 1 ^, Sfa))). 

Two extensions £j give rise to isomorphic Tj if and only if the triples Tj + \ are iso- 
morphic and the extension classes are the same up to action of the group GL(a^) := 
GL(aij) x • • • x GL(d6j). 

There is a fiber bundle 

l+(n) -> M(n) 
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whose fiber F consists of the iterated extensions satisfying the conditions in Proposition 
13,31 Therefore 

X+(n) := l+(n)/GL(n) ->■ M(n), 
where GL(n) = f\ GL(aj), has fiber i ? /GL(n). The finite group 

6 n = {r permutation of (1, . . . , b) ; n T ^ = n,- L , a T u\j = \/i,j } (3-11) 

acts (freely) on U(n) and on X + (n), by permuting the bundles. The quotient is the 
fibration (locally trivial in the usual topology) 

X+(n) := X + (n)/6 n -> U(n) = U(n)/6 n . 

The description in Proposition [3T31 can be applied to the critical value <r c = <J m . In 
this case, M + = S + . The only difference is that now T r +i should be of the form L — > 0, 

that is, T r +i G -^^(0, 1, 0, c? ) = J&c do X. Note that there is an open stratum in S a + 
corresponding to r = 1, b = 1, n G = ((n), (1)). In this case 

M(n Q ) = M s (n,d) x Jac d °X. 

This corresponds to triples (ft : L E for which E is a stable bundle. So the stratum 
X + (no) is equal to U m C JV o .+ , defined in (|3.4p . The remaining strata compose 2? m , and 
all have nj < n. 

3.5. The flip locus 5 -. There is an analogous description for S As before, let 
b > 1 and r > 1. Fix n' > 1 and d! satisfying (13. 6h . Let (ni, di), . . . , (rib, db) satisfy 
(I3.7D . Consider > 0, for 1 < i < b and 2 < j < r + 1, such that aj = (a±j, . . . , a^j) 7^ 
(0, . . . , 0), for all j. We assume (13. 8p . Write n = ((ni), ai, . . . , a r ). We consider [7 (n) as 
in M . 

We define X _ (n) C <S - as the subset formed by those triples T admitting a filtration 
= To C T\ C T2 C • • • C T r+ \ = T, such that 

Tj = Tj/Tj-x S( aj ) := • • • , 

is the maximal polystable subtriple of T/Tj_i, where [Ex, ■ ■ • , € ?7(n), 2 < j < r + 1. 
It must be T\ G A^ c (n', 1, cf, d Q ). Then 

n 

Note again that the finite group (5 n given in ()3.11j) acts on U(n). Then there is a 
fibration 

X-(n) ^M{n) := U(n) x N* c {n' , 1, d' , d Q ). 
and X-(n) = X _ (n)/6 n . 

Proposition 3.4 ((2H Proposition 5.3]). Zei (#1, . . .,E b ,Tx) G X(n). De/me thp/es Tj 
by recursion as follows: T\ =T\, and for 2 < j < r + 1 define Tj as an extension 

-»■ fj-_i -> 2) -»■ S^a,-) -> . 

Let G Ext 1 (S'(aj), Tj_i) 6e t/ie corresponding extension class. Denote T = T r+ \. Then 
T G X~ (n) j/ anc? on!?/ if the following conditions are satisfied: 

(1) The extension class £j G Ext 1 (5(a J ), Tj-x) = IliExt (Si,Tj-x) ai:i lives in 
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(2) Consider the map Tj—\ — > S(a.j—i) and the element which is the image of 
£j under Ext 1 (S'(a :; ), 3}— 1) — > Ext 1 (5(aj), S'(aj_i)). T/ien the element € 
Ext 1 (5(a J ),5(a j _ 1 )) = ^ Ext 1 ^-), 5 i ) a ' 1 ^- 1 fees in II; ^K^-i, Ext^a,), 5*)). 

Two extensions £j give rise to isomorphic Tj if and only if the triples Tj-i are iso- 
morphic and the extension classes are the same up to action of the group GL(a,) := 
GL(oij) x • • • x GL(a&j). 

The description in Proposition 13.41 is also valid for a c = o~m, with no change. In this 
case, M - = S- . 

4. The strata A + (n) for r = 1 

Now we move on to the issue of giving an explicit description for the strata X^(to) 
corresponding to a critical value o~ c and a type n = ((n«), ai, . . . , a r ), using Propositions 
13.31 and [3. 4[ Recall that each rtj determines the corresponding di by (|3.7p . Our aim is to 
prove that [X ± (n)] G K C . 

We start with a simple case. 

Proposition 4.1. Let cr c 6e any critical value (possibly a c = o~ m ,o~M)- Let n > 1, 
and n = ((n^), ax, . . . , a r ) be a type such that 6 n = {1}. If a c = a m , we assume 
n 7^ no- Suppose that [M s (n" ', d")] and [J\f£ c (n',l,d',d )] are in IZc, for any n',n" < 
n, gcd(n" ,d") = 1. Assume also that gcd(raj,dj) = 1, for every i = 1, T/ien 
[X ± (n)] G K(9Jtot) 6e/on 5 s to 7£c- 

Proof. If the group 6 n is trivial, then by |2H Theorem 6.1], the fibration 

F -> X^in) -> M(n) 

has fiber F which is affinely stratified. That means that it is an iterated fiber bundle 
of spaces which are an affine space minus a linear subspace. Therefore, [F] = -P(L) for 
some polynomial P. Then 

FJ GL(n) -> X ± (n) -> M(n) (4.1) 

has fiber such that [F/ GL(n)] = P(L)/[GL(n)], which is a series in L. 

As gcd(nj,dj) = 1, there are universal bundles Si — > M s (ni,di) x C. Therefore, the 
bundle 7r*£j — > M s (rii,di), where n : M s (rii,di)xC — > M s (rii,di) is a vector bundle whose 
projectivization has fiber FH°(Ei), over E{ G M s (rii,di). This implies that P(-7r*£j) is a 
projective bundle which is locally trivial in the Zariski topology. An analogous statement 
can be said of N' , since there are universal bundles over any moduli space of cr-stable 
triples of type (n, 1). As a consequence, the bundle (|4.ip is also locally trivial in the 
Zariski topology, and hence [A ± (n)] = [A4(n)] [i ? /GL(n)]. 

The basis of the fibration is the space 

M(n) = U(n) x^ c (n',l,d',d )= fjj M s (m,di) \ A^ x Af° c (n', 1, d', d D ) , 

where A is a union of some diagonals, each of which is a product of some moduli spaces 
M s (rij ,dj). Therefore 

pf±(n)] = [U(n)] [^ c (n',l,d',d )]P(h)/[GL(n)} G TZ C . 

□ 
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Now we consider the strata X + (n) C S a + where the standard filtration has only one 
nontrivial step, hence it is of the form C T\ C T2 = T. So r = 1, and we only have 
a i = ( a i ; °2; • • • j a b)i where all Oj > 0. We write the type as a matrix 

\{an)J \ai a 2 ■■■ a b J 

To describe geometrically the strata X + (n) in this and in the following section, we 
will make use of partitions of sets. If 

[b] = {l,...,b} 

denotes the set of the first b positive integer numbers, we define a partition -/r to be a 
collection of disjoint subsets of [b] whose union is [b]. An element of a partition is called 
a brick. We can define a partition by an equivalence relation, for which the bricks are 
the equivalence classes. 

There is a natural partial order on the set of partitions of [b]. If tt,tt' are two such 
partitions, then we say that tt < tt' if any /3 € tt is a subset of some j3' £ tt' . 

Let tt' and tt" be two partitions on \b\. Then the intersection tt' A tt" of the partitions 
tt' and tt" is defined as 

rr' A tt" = {/?' n C [b] ; 6 tt' and 0" G vr"}. 

Obviously, 7r' A 7r" < 7r' and 7r' A tt" < tt". 

Proposition 4.2. Let o~ c be any critical value. Let n > 1, and n 6e given by (|4.2p . and 
assume that S n is non-trivial. Suppose that [M s (n" , d")] and [J\f£ (n' ,l,d' ,d )] are in 
T^C> f or an V n',n" < n, gcd(n" ,d") = 1. Assume also that gcd(nj,dj) = 1, /or every 
i = l,...,b. Then [X^n)] € 

Proof. We will only do the case of X + (n), the other one being analogous. Given n, we 
have two partitions of [6]: ttq defined by the equivalence relation 

i ~ j <^=> m = rij, (4.3) 

and tt\ defined by 

i ~ j <J=^> rii = rij and Oj = aj . 
Of course, we have tt\ < ttq. With the notations of Section [3~4| 

U(n)= H (M'(n p ,dp)^\A p ), 

/3Gtt 

where stands for the big diagonal, and we denote ng = Hi and dp = di for any i 6 f3. 
The space X + (n) is a bundle over J7(n) x M' , where M' = M§ c (n' , l,d',d Q ), whose fiber 
over (Si,.. -,S b ,T') is 

F= II II Gr(a 7 ,Ext 1 (T', < S 7 )) 171 = Gr(a 7 , Ext 1 ^', S^p. (4.4) 

0£TT O 7G7T1 7G7T1 

7C/3 

Step 1. We extend this bundle to a bundle X + (n) A over the union of all diagonals, 
that is, we have the bundle 

X+(n) A ^ Yl M s (np,dp)W =H Af s (n 7 , d^p x Af', 

P&TO 7G7T1 

with fiber (14.411 . 



MOTIVES AND HODGE CONJECTURE FOR MODULI OF PAIRS 13 

We want to write the total space X + (n) A as a product of bundles. For each 7 6 
we have a Zariski locally trivial bundle 

£ 7 ^ M s (n 7 ,d 7 ) xTV' (4.5) 

with fiber Gr(a 7 ,Ext 1 (T',5 7 )) over (S y ,T r ) G M s (n 7 ,d 7 ) x TV. We can consider £ 7 as 
a bundle over TV'. Its fiber over X" is the Zariski locally trivial bundle £ 7i t' with basis 
M s (n 7 ,d 7 ) and fiber Gr(a 7 , Ext 1 (T / , 5 7 )). Then X + (n) A is the fiber product of the 
bundles (£ 7 )' 7 ' over J\f': 

7S7T1 

A/"' 

Here we are thinking of X + (n) A as a bundle over A/"', as we just did for each £ 7 . 

Let us take the quotient of X + (n) A by the finite group 6 n . We use partitions to 
describe these groups. For any partition ix of [b], let 

/3G7T 

So © n = ©jtj . Then 

x+(n) A /© n = n(^) i7i /©7= n s y ml7| (^)> 

N' N 1 

where Sym' 7 '(£ 7 ) is the bundle over TV' whose fiber over T' is the symmetric product 
Sym' 7 '(£ 7) T')- Therefore, since by assumption [M s (n 7 , d 7 )], [TV'] € T^-C; it follows that 
£yT' is motivated by C and, by definition, the same holds for Sym' 7 ' (£ 7 t')- So, we have 

[X+(n) A /6 n ] eK c . 

Step 2. Now we deal with the diagonals. Consider the partition ttq defined by (14. 3j) . 
and let /3 be a subset of a brick of ttq. We define 

£ ^ = Y\ ^ ' 

iG/3 

M s (n /3 , ( i (9 )xAA' 

as the fiber product over M s (ng, <ig) x TV"' of the bundles £j — > M s (np, dp) x TV' given in 
(|4.5p . So there is a fibration 

]"{ Gr(a 7 ,Ext 1 (r',5 7 )) 171 -)■ £ f -+ M s (np, dp) x TV' . 

7G7TA7T1 
7C/3 

We have the natural inclusion £ A <^->- (f/?)'' 3 ' as the smallest diagonal. Clearly, there is a 
equivalence between partitions ir < ttq and diagonals: for any n < ttq, let 

/3Gtt 

where we have the obvious inclusion £ A C X + (n) A . Hence 

X+(n)=X+(n) A \([J sA. 

\7T<7ro / 
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Since we know that [X + (n) A /S n ] € TZc, the proof is complete as long as we show that 

U /6b 

v 7r<7ro J 

lies in TZc- This is a stratified space, so we check that each stratum is motivated by C . 
So, fix 7r < ttq and consider @ n • it = {g ■ it ; g 6 S n } the orbit of it under (3 n . The 
corresponding stratum in the quotient is 

(J S$) /6 n = ^ A /Stab 6n (vr), (4.6) 

where 

Stabe n (7r) = {g E 6 n ; g ■ it = it}. 

So it is enough to see that (j4.6|) is motivated by C. 

Consider now a partition P of the set tt (this is not a partition of [b]), defined as 
follows. If /3i,/?2 € 7r, then 

ft ~ /3 2 Ift n <J | = \Ps n $|, for all 5 £ tt 1 . 

It is easy to see that we have an exact sequence of groups 

1 -> & nA7T1 -> Stab Sn (vr) -> 6 P ->• 1 , 

where 6p = llpeP®?' ana - ^he projection Stabe n (vr) — > &p associates to each g £ 
Stabe n (7r) the induced permutation of bricks in P. 
The quotient (14. 6p is then rewritten as 

£ A /Stab 6 » = (^/6 WAW1 )/6 P . (4.7) 
From the definition of £" A , we have 

7rA7Tl,/3 ) 

(4.8) 

/3£7T 

where &„ Avi ^ = Ua^a^ 6 An/3- Therefore the quotient 

-> M s (np, dp) x A/"' (4.9) 

is a fiber bundle with fiber 

Yl Syml 7 lGr(a 7 ,Ext 1 (T / ,S 7 )). 

7S7TA7T1 

7C/3 

Fix p E P. So p is a subset of 7r and, from the definition of P, it follows that for any 
/3 G p, the space (|4.9p is the same. Denote it by £ p and consider it, as before, as a bundle 
£ p over TV 7 . Thus the quotient of (|4.8p by (3p is 

n £p\ i&p = ( n^ 1 ) /6p = n s y mip| ^ 

as a bundle over TV'. This is the quotient (|4.7p and clearly its class in K(yjlot) lies in 
This finishes the proof of the proposition. □ 
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5. TWO CASES OF STRATA X + (n) FOR T = 2 

In this section we want to study some strata X + (n) C S a + for which the standard 
filtration has r = 2, i.e., it is of the form C T\ C T 2 C T3 = T. First we analyse the 
case where the type is 
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(5.1) 

for some rtj, 6 > 3, and non-trivial (5 n . Although we shall only need the case 6 = 3, 
Hi = 1 for Theorem 17.21 we will work out the general case. 
Recall that the basis of this stratum is 

U(n) = ^M 8 (ni,di)\Aj , (5.2) 

where A = {(E\, . . . , E b ) ; Ei = Ej, for some i,j} is the big diagonal. 

Proposition 5.1. Let a c be any critical value. Let n > 1, and n be given by (|5.ip . Sup- 
pose that [M s (n", d")] and [N* c (n', l,d',d )] are in Tic, for any n' , n" < n, gcd(n", d") = 
1. Assume also that gcd(ni,di) = 1, for every i = 1,. . . ,b. Then pT^n)] € Tic- 

Proof. Again we only consider the case of X + (n). By Proposition 13.31 we have to con- 
struct a two-step iterated fibration, with basis U(n) x J\f' where M' = J\f£ (n', l,d',d ), 
and then take the quotient by the symmetric group & n which is a subgroup of the 
permutation group on the first 6 — 1 factors of (|5.2p . 

The first step is a bundle — > Xq := U(n) x J\f' with fibers 

6-1 

l\F Ext 1 (T', Si). 
i=i 

Recall that we write Si for the triple (Ei, 0, 0) with Ei G M s (ni,di). 
The second step is a bundle — > X±. If T £ Xt is such that 

->• s 2 e • • • e s 6 -> t -> r' -> 0, 

then, from Proposition 13.31 the fiber of X^" over T is 

6-1 

F Ext 1 (T, S b ) \{JF Ext 1 (T^Sb) (5.3) 
i=l 

where, for each i, Ti is the triple fitting in the natural exact sequence 

-> Si -> T -> f i -> 

so that 

-> Ext 1 ^, S b ) -> Ext 1 (T, 5 6 ) -> Ext^Si, S&) -> 0. 



We extend the fibration to a basis larger than (|5.2p . Consider for each 1 < i < b — 1, 
the space 

Yi := (M s (n u di) x M s (n b , d b ) \ At) x J\[' , 
Ai = {(Ei, E b ) ; Ei = E b } C M s (n h di) x M s (n b , d b ), so that the fiber product 



*o + = n ^ 



l<t<6-l 
M s (n b ,d b )xAf' 
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consists of bundles (Ei, . . . , Eb-\, Ej,), where E{ ^ Eb, for i ^ b. The fibration — > X$ 
extends to a fibration — > Xq. The dimension of Ext 1 (T, Sb) stays constant as we 
move over each Yi, so the fibration X^ — > X± extends to a fibration — > Xf with 
fibers PExt x (T, Sb), also compactifying the fibers (15.31) . 

The action of 6 n extends to X^. To work out the quotient, consider again the 
partition ttq of [b — 1] given by i ~ j = n.j . Let £j be the bundle 

PExt^T',^) -+Yi 

and consider it as a bundle over 1? = M s (rib,db) x TV. Then 

B OG7T 

B 

The quotient by 6 n is 

^/6n = [J Syrnl"!^ , (5.4) 

B 

and X~2 /&n Xi /© n is a projective bundle with fibers PExt^T, Sb)- 

We can construct a family of triples parametrized by (15. 4j) using that gcd(nj,<ii) = 1, 
for all i. This family is clearly Zariski locally trivial. The family of Sb over M s (nb,db) is 
also Zariski locally trivial since rib and db are coprime. So 

[X+/6 n ] = [X+/6 n ]-[P iV ]e7ec. 
Now we will deal with the diagonals and the sub-fibrations. We have fibrations 

P Ext 1 (T,5&) -*Xf ^X? and X? -> ]"[ Y;. 

l<t<6-l 
M s (n b ,d b )xAf' 

The space is thus a stratified space, where the strata are given according to the vari- 
ous diagonals inside A in (|5,2p and according to the sub-fibrations with fibers P Ext 1 (Tj, S^) 
(cf. (53)), where J C [6 — 1], Si := © ie/ # and 

5/ -)• f -> fi ->• 0. 

Note that from this we have an extension — > S/e — > T/ — > T' — > 0, with J c := [b— 1] \ /. 

If all strata induced in the quotient X^~ / (3 n are in Tie , then the main open set X^ /<5 n , 
which is the stratum X + (r\) we are dealing with, lies also in TZc- Let us the prove that 
every strata in X^ / 6 n is motivated by C, thus completing the proof. 

The diagonals of (15. 2\i are labeled by partitions ir < ttq and the sub-fibrations are 
labeled by sets I C [b— 1]. Let 717 be the partition {/, I c }. The stratum SV^n associated 
to the pair (jr, I) is constructed as follows. For each j3 € tt, let 

^ = (M s (n^,^) x M s (n 6 ,d 6 ) \ A/,) x TV' 

where np = rii and dp = di, for any i € /3. Then we have a fibration X+ over the basis 

n ^ (5.5) 

/3G7T 

Af s (n b ,d 6 )xAT' 

whose fiber over [{E p) p^-K , Eb,T') (E Yp is 

Yl P Ext 1 (T', 5/3) 1/31 
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and then a second fibration over with fiber PExt 1 (T/, Sb) over Tj G X+. 

The group 6 n acts on the pairs (tt, I), with orbit S n • (tt, I) and the corresponding 
stratum in the quotient is 

U %',/') I /®n = %,/)/Stab 6n (7r, J) 
v (7r',/')ee n -(7r,/) / 

where Stabe n (vr,/) is the stabilizer of the pair (vr,/). Hence we have to prove that 

[5( 7rj/ )/Stabe n (7r,/)] G ft c . 

Now, there is an exact sequence 

1 -> ©ttAttj -> Stab 6n (vr,I) ->■ G P -»• 1, 

where P is the partition of the set tt given by 

71 ~ 72 -<=>- 1 71 n J| = 1 72 n J|, 1 7i n / c | = [72 n J c |, 

for 71,72 G 7r, and 6p = IlpeP^P- Tri en 

X+/e rAvi (5.6) 

is a fibration over ()5.5[) with fiber 

11 Syml a l(PExt 1 (T',5 5 )). 

Let (3 G 7r. 

• If /3 C I, then we have a fibration Sym^^PExt^T', Sp)) ->■ £/? -> 

• If /3 C I c , then we have a fibration Sym^PExt^T', 5^)) -)• -»• X^. 

• If /3 = /3i U where f5\ = /3 H I, @2 = P (~\ I c are both non-trivial, then the 
fibration is Syml ft l(PExt 1 (r', Sp)) x Syml fe l(PExt 1 (r', Sp)) -»• f p -»• X/j. 

Then (|5.6() can be rewritten as 

^Gtt pGP 

(recall 5 = M s (n 6 , d 6 ) x N') and 



(X+/6 7rA7r/ )/6 P = [] SymlPl^. 



PGP 
S 

So 

[X+/Stab 6 J G TZ C . 

Finally, the second fibration has as fiber a projective space, and this is a product at 
the level of iT-theory. □ 

Now we move to the case 

I J (5 ' 7) 

for some rtj, b > 3, and non-trivial (3 n . This case is slightly easier than the previous one. 
For Theorem 17. 2 \ we only need 6 = 3 and n$ = 1, but again we do the general case. The 
basis of the stratum is also given by (I5.2p . where A is the big diagonal. 
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Proposition 5.2. Let a c be any critical value. Let n > 1, and n be given by (j5.7j) . Sup- 
pose that [M s (n", d")} and [Af§ c (n', 1, d' , d a )} are in Tic, for any n' , n" < n, gcd(n", d") = 
1. Assume also that gcd(nj,<ij) = 1, for every i = 1, ... ,b. Then [X ± (n)] G Tic- 
Proof. We only work out X + (n). By Proposition 13.31 we have to construct a two-step 
iterated fibration, with base U(n) x Af' where Af' = Af§ {n' , l,d',d Q ), and then take the 
quotient by the symmetric group <5 n which is a subgroup of the permutation group on 
the first 6—1 factors of (|5.2|) . 

The first step is a bundle — > U(n) x Af' with fibers 

PExt^T',^), 

and the second step is a bundle X^ — > X^ whose fibers are the spaces 

6-1 6-1 

11 P Ext 1 (f , Si) \ [] P Ext 1 (T', Si), 
i=\ i=i 

where T is the triple corresponding to the point in Xf determined by the extension 

0^S b ->f^T'->0. 

We compactify the fibration to a fibration with fibers 

6-1 

[J P Ext 1 (f, Si). 
i=i 

The quotient by 6 n is done in exactly the same fashion as that carried out in Section [H 
changing the role of Af' by that of X^ . 

The other stratum is worked out in the same fashion, as a fibration over X± with fiber 

6-1 

l\F Ext 1 (T', Si). 
i=i 

So finally [X+/6 n ] = [X+(n)) G U c . □ 



6. Some cases with non-coprime rank and degree 

So far, we have analysed cases where gcd(nj, d{) = 1, for all i = 1, . . . , b. If gcd(n, d) = 
1, then there exists a universal bundle £ — > M s (n, d) x C, and hence the projective bundle 
li m — > M s (n, d) is locally trivial in the Zariski topology. In the case where gcd(n, d) > 1 
such universal bundle does not exist, and we have to circumvent the situation in another 
way. 

Proposition 6.1. Let a c be any critical value and let n be a type with r = 1, gcd(ni, d\) > 
1, a\ = 1, and gcd(ni,di) = 1, for i = 2, Assume that & n = {1}. Define 

V m (n, 1, J, d a ) as in ([33]). Suppose that [M s (n", d")\, [Af* c (n', 1, d', d )\ and [V m (h, 1, d, d )\ 
are in TZc, for any n',n",h < n, gcd(n" , d") = 1. Then [X ± (n)] G Tic- 
Proof. We deal with the case X + (n), the other one being similar. The space X + (n) is a 
fibration over 

M(n) = M s (n 1 ,d 1 )x (j[ M s (m, d t ) \ x Af' , 
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A denoting a suitable diagonal, with fiber 

b 

PExt 1 (T , J 5i) x [jGr(a i ,Ext 1 (T , ,5 i )). 

i=2 

As gcd(rii,di) = 1, for i > 2, we know that there are universal bundles over M s (nj,dj). 
The same happens for M' = Af ac (n', 1, d' , d Q ). So the bundle over A4(n) with fiber 
Y\^ =2 Gi(cLi, Ext 1 (T'S'j)) is Zariski locally trivial, and hence the motives are multiplica- 
tive. So we shall assume from now on that 6 = 1. 

For T' G A/ 7 , we consider the subset Xji, C A + (n) corresponding to fixing T' . Clearly 
[X + (n)} = [Xji,] [A/"'], so we have to see that X^, is motivated by C. 

The map X^, — > M a (n\,dx) is a fibration with fiber PExt 1 (T / , S\). This projective 
fibration defines a Brauer class 

cl(A+) G Br(M s (m,di)). 

Now consider the fibration U m = U m (ni,l,di,L e ) — > M s (ni,di), for some line bundle 
L e with degL e = e <C 0. It has fiber PHom(L e , Li). The same argument as in the proof 
of Proposition 3.2 in [7] shows that the Brauer class 

cl(W m ) GBr(M s (n 1 ,d 1 )) 

satisfies 

c\(U m ) = ±cl(X+). (6.1) 
Now consider the pull-back diagram 

9 

U m ^M s (n 1 ,d 1 ), 

where all maps are projective fibrations. Consider the fibration X^, — > M s {ni,d\). It 
has Brauer class c\ = cl(Xj,) G Br(M s (ni, di)). Then the fibration .4 — > U m is the 
pull-back under / : U m — > M s (n\,di), so it has Brauer class f*c\ G Br(£Y m ). Now, by 
[TU p. 193], there is an exact sequence 

Z • cl(W m ) -> Br(M s (ni, d x )) A Br(W m ) -> 0. 

From this, and using ()6. 1 1) . it follows that f*c\ = 0. This implies that A — > U m is Zariski 
locally trivial. Similarly, using the pull-back under g, the Brauer class of A — > X^, is 
also trivial, so the fibration is Zariski locally trivial as well. 

The above implies that the motives satisfy [A] = [U m ] [F a ] = [X^,] [P fc ], for some 
a, b > 0. Hence 

[X+] = [U m ] [P a ] [F b ]- L . 

By our assumptions on V m and since m < n, it follows that [U m ] G TZc- Hence [X^,] G 
He as required. 

□ 

Consider now the case 

/ (rii)\ fni n 2 ■■■ n b \ 

(6.2) 





( K) ) 
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Proposition 6.2. Let a c be any critical value and let n be given by (j6.2j) . such that 
gcd{n\,d\) > 1 and gcd(rtj, di) = 1, for i = 2, ... ,b. Assume that & n = {1}. Suppose 
that [M s (n",d")\ and [Af% c (n',l,d',d )] are in 7l c , for any n',n" < n, gcd(n",d") = 1. 
Then [X ± (n)] E He- 

Proof. Since r = 2, we have two steps. The first step sits as the total space of a 
fibration whose basis is 

M(n) = M s (n 1 ,d 1 ) x \J[ M s (n u d t ) \ A^j x Af' , 
where Af' = Af£ c (n', l,d', d Q ), and whose fiber is 

PExt^r',^). 

Then is a space in the situation covered by Proposition 16. 1\ hence it lies in Tic- The 
second step is a bundle X^ — > X^ whose fiber is 

b b 
H P Ext 1 (f , Si) \ n P Ext 1 (T', Si), (6.3) 

i=2 i=2 

where T is given by the extension — y Si — > T — > T' — > 0. There is a universal bundle 
parametrizing triples over Af', another one parametrizing triples T (because the triples 
in Xf are all cr^-stable), and another universal bundle over M s (nt, di), for i = 2, . . . , b. 
So the bundle over X£ — > X^~ with fiber (16.3|) is Zariski locally trivial, and hence the 
motives are multiplicative. So [X + (n)] = [X^] G Tic- 

The case of pT _ (n)] is similar. □ 

Finally, we have to look also to the case 

■ n b \ 

■ l\. (6.4) 

Proposition 6.3. Let a c be any critical value and let n be given by (|6.4h . such gcd(rei, d\) > 
1 and gcd(nj, di) = 1, for i = 2, . . . , b. Assume that (3 n = {1}. Suppose that [M s (n", d")\ 
and [Af^ (n',l,d',d )] are in Tic, for any n',n" < n, gcd(n",d") = 1. Then [X^n)] G 
Tic- 

Proof. Since r = 2, we have two steps. The first step Xf sits as the total space of a 
fibration whose basis is 





({ni)\ 
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M(n) = M s ( ni ,d{) x 



\\M s {n i ,d i )\^ \ x Af' , 

\i=2 ) 



where A is the suitable diagonal, Af' = Af§ c (n', l,d',d ), and whose fiber is 

6 

]JF Ext 1 (T', Si). 

i=2 

Then X^~ is a space in the situation covered by Proposition 16. 1| hence it lies in Tic- 
The second step is a bundle Xf[ — > X^. If T € X^ is given by 

o ->• s 2 e • • • e s b ->■ f -> t' o, 
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then the fiber of — > over T is 

6-1 

FExt 1 (T,S b ) \ JPExt 1 ^,^) (6.5) 
i=i 

where, for each i, Tj is the triple fitting in the natural exact sequence 
so that 

-> Ext^fi, S b ) -)■ Ext^T, S b ) -> Ext 1 ^, 5 6 ) -> 0. 

Now, concerning the fibration X^~ — > Xf, we are in a situation similar to that of Propo- 
sition EU the only difference being that instead of having a projective fibration, we have 
a projective fibration minus some sub-fibrations (which are also projetive). So, we con- 
clude again that X^ — > Xf is Zariski locally trivial, and since X^~ is motivated by C, 
we deduce using fl63]) that [X+(n)] = [Xf] £ K c . 

The case of [X - (n)] is similar. □ 



7. Proof of the main results 

Now we complete the proof the the main results of the paper, Theorems 11.11 and 11.21 

Proposition 7.1. Let a c be any critical value. Suppose n < 4, and let n be any type 
except n = no = ((ri), (1)), a c = a m . Suppose that [J\f a (ri, l,d',d )] are in TZc, for any 
ri < n. Then the stratum [X^n)] G K(9Jtot) lies in IZc- 

Proof. Assume first that gcd(nj,dj) = 1, for all i = 1, . . . , b. If the group S n is trivial, 
then Proposition 14.11 gives the result. Now suppose that the group (3 n is non-trivial. If 
r = 1, then the general result we prove in Proposition 14.21 implies that [X^n)] S TZc- 
As n < 4, the remaining cases are just 

• r = 2, b = 3, ri = 1 and {n t ) = (1,1,1), a x = (1,1,0), a 2 = (0,0,1); 

• r = 2, b = 3, ri = 1 and (m) = (1,1,1), &i = (0,0,1), a 2 = (1,1,0). 

These situations are included in Propositions 15.11 and 15.21 

Assume now that there exists some pair (rii,di) with rii and di not coprime. Since 
n < 4, this situation can only occur with m = 2 and d even, hence in one of the following 
cases (where we always have © n trivial): 

• r = 1, b = 2, ri = 1 and (n;) = (2, 1), ai = (1, 1); 

• r = \ } b = 1, ri = 2 and (m) = (2), a x = (1); 

• r = 2, b = 2, ri = 1 and (n^ = (2,1), ai = (1,0), a 2 = (0,1); 

• r = 2, b = 2, n' = 1 and (n^ = (2, 1), ai = (0, 1), a 2 = (1, 0). 

The first two possibilities are covered by Proposition 16.11 the third by Proposition 16.21 
and the last by Proposition 16.31 □ 

Taking the isomorphism (13. ip into account, the following result covers Theorem 11.21 

Theorem 7.2. Let n < 4. For any a, the moduli spaces J\f£(n,l,d,d ) lie in TZc- The 
same holds for M s (n,d) whenever gcd(n, d) = 1. 

Proof. By definition, [Sym fc C] S TZc, for any k > 1. Also, by (12. ID and (12. 5|) . we have 
[JacC] £ 7£c* . So the result is true for n = 1. 
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Now we proceed inductively. Let n' < n and assume that the motives of M s (n',d') 
and J\f a (n', l,d',d ) lie in TZc- Then Proposition 17.11 savs that JT^n) is also motivated 
by C (except for the case a c = a m , n = n ). So if o c > a m , 



fe] = [ u 



In particular, since S - = J\f - , we see that N - is motivated by C. From (|3.2f) . we 

conclude that [A/^(ra, 1, d, d Q )] € TZc, for any a > a m . 
On the other hand, for a c = a m we have 



[V m ] = [ □ X+(n) 



Therefore also 



n^n 

U m = M'+ (n, 1, d, d ) \V m = N°{n, 1, d, d Q ) 



is in TZc- 

Finally, if gcd(n, d) = 1, using the projection in (]3.3[) and considering, d/n—d > 2g— 1, 
we deduce that M s (n,d) also lies in TZc- D 

Note that Theorem [72] also applies to critical values a = a c . Also, it is worth noticing 
that the result that the moduli spaces M s (n,d), for any n,d coprime, are motivated by 
C, has already been proved by Del Baho in Theorems 4.5 and 4.11 of [3j. 

Corollary 7.3. For a generic curve C, for generic a, and for n < 4, Af a (n,l,d,d ) 
satisfies the Hodge conjecture. 

Proof. Recall that for generic a, A/^(n, 1, d, d Q ) = Af a (n, 1, d, d a ) is smooth and projective. 
Thus the result follows by applying the map G defined in (|2.6p . and noting that TZc C 
ker by Proposition 12.41 □ 

The proof of the Hodge conjecture for M(n, d), where n, d are coprime and C is generic, 
is given in [3l Corollary 5.9]. 

A comment about the restriction n < 4 is in place. The main obstacle to give the 
result for arbitrary rank is the geometrical analysis of the flip loci. 

It is clear that A ± (n) is in TZc by induction on the rank. However, we have to quotient 
by the finite group & n . For a smooth projective variety X, the motive h(X/& n ) is - 
see (|2.4p — a sub- motive of h(X), and with this it would follow that if [X] G TZc then 
[X/<S n ] € TZc- However, the same statement does not hold for quasi-projective varieties 
(our spaces X^n) are smooth but quasi-projective). That is why we have to carry a 
finer analysis of the flip loci. 

An alternative route would be to work with stacks in the spirit of |16j . to prove that 
the motive of M a is in TZc- This misses the geometrical description, but it might be 
applied for arbitrary rank. 
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